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Review of Multiclass SVM

Existing works focus only on binary classification problem. This
work propose an intuitive formulation of the multi-class SVM.

mSVM

function : fw,b =< w, φ(x, y) > +by

prediction : x = arg max
y∈Y

fw ,b(x, y)

objective : min
w,b

1

2
||w||2 +

n∑
i=1

max
u 6=yi

{`(fw,b(xi, yi )− fw,b(xi, u))}

hinge loss : `(t) := C max(0, 1− t)
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Multiple Kernel Learning (MKL) Primal

Extend typical multiclass SVM to p feature maps φk(xi, yi ):

fw ,b,β(x, y) =

p∑
k=1

βk < wk , φk(x , y) > +by

p∑
k=1

βk = 1, βk ≥ 0︸ ︷︷ ︸
feature mapping (kernel) weight

Intuitive Formulation

min
β,w ,b,ξ

1

2

p∑
k=1

βk ||wk ||2 +
n∑

i=1

ξi

s.t. ∀i : ξi = `(fw ,b,β(xi , yi )− fw ,b,β(xi , u))
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MKL Primal 2

Interpretable and intuitive, but in general not being convex :(
Let vk := βkwk , then

MKL Primal

min
β,v ,b,ξ

1

2

p∑
k=1

||vk ||2

βk
+

n∑
i=1

ξi

s.t. ∀i : ξi = `(< v, ψiu > +byi − bu)

ψkiu = φk(xi , yi )− φk(xi , u)

ψiu = (ψkiu)k=1,··· ,p

(combine into just one vector)

This is Convex!
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Dual formulation for general loss function

minη,α̃,γ γ +
∑

i

∑
u 6=yi

ηiu`
∗
(
− α̃iu

ηiu

)
s.t. ∀k : γ ≥ 1

2

∑
i ,j

∑
u 6=yi

∑
v 6=yj

α̃iuα̃jv < ψkiu, ψkjv >

∀i : ∀u 6= yi : 0 ≤ ηiu,

∀i : 1 =
∑
u 6=yi

ηiu

∀v : 0 =
∑

i

(1− δyi , v)α̃iv −
∑

i

δyi ,v

∑
u 6=yi

α̃iu

Here `∗ is the conjugate function of the loss function `.
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Langrange

tiu =
∑
k

< vk , ψkiu > +byi − bu score difference

ξi ≥ `(tiu) Error upper bound

So the Lagrangian is

L =
1

2

∑
k

1

βk
||vk ||2 +

∑
i

ξi + γ

(∑
k

βk − 1

)
−
∑
k

εkβk +
∑

i

∑
u 6=yi

ηiu(`(tiu)− ξi )

+
∑

i

∑
u 6=yi

α̃iu

(
tiu −

∑
k

< vk , ψkiu > −byi + bu

)
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∂L

∂vk
=

1

βk
vk −

∑
i

∑
u 6=yi

α̃iuψkiu = 0

=⇒ wk =
1

βk
vk =

∑
i

∑
u 6=yi

α̃iuψkiu

max
η,α̃,γ

min
t

∑
i

∑
u 6=yi

(ηiu`(tiu) + α̃iutiu)− γ

s.t. ∀k : γ ≥ 1

2
||wk ||2 (Obtained from

∂L

∂βk
= 0)

∀i : 1 =
∑
u 6=yi

ηiu (Obtained from
∂L

∂ξi
= 0)

∀v : 0 =
∑

i

(1− δyi , v)α̃iv −
∑

i

δyi ,v

∑
u 6=yi

α̃iu (
∂L

∂bv
= 0)
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maxη,α̃,γ mint

∑
i

∑
u 6=yi

(ηiu`(tiu) + α̃iutiu)− γ

= maxη,α̃,γ mint

∑
i

∑
u 6=yi

ηiu

(
`(tiu) +

α̃iutiu
ηiu

)
− γ

= maxη,α̃,γ mint

∑
i

∑
u 6=yi

−ηiu

(
−`(tiu)− α̃iutiu

ηiu

)
− γ

= maxη,α̃,γ

∑
i

∑
u 6=yi

−ηiu`
∗
(
− α̃iu

ηiu

)
− γ

⇐⇒ minη,α̃,γ γ +
∑

i

∑
u 6=yi

ηiu`
∗
(
− α̃iu

ηiu

)
The definition of conjugate function of f is defined as

f ∗(y) = supx∈dom(f )(y
T x − f (x))
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Dual Formulation for General Loss

minγ,α̃,γ γ +
∑

i

∑
u 6=yi

ηiu`
∗
(
− α̃iu

ηiu

)
s.t. ∀k : γ ≥ 1

2

∑
i ,j

∑
u 6=yi

∑
v 6=yj

α̃iuα̃jv < ψkiu, ψkjv >

∀i : ∀u 6= yi : 0 ≤ ηiu,

∀i : 1 =
∑
u 6=yi

ηiu

∀v : 0 =
∑

i

(1− δyi ,v )α̃iv −
∑

i

δyi ,v

∑
u 6=yi

α̃iu
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Dual Formulation for Hinge Loss

When the loss `(t) = C ·max(0, 1− t),

`∗(ν) =

{
ν −C ≤ ν ≤ 0

∞ otherwise

So in order to make the dual solvable, we must have

−C ≤ − α̃iu

ηiu
≤ 0

As ∀i : 1 =
∑
u 6=yi

ηiu

and ∀i : ∀u 6= yi : 0 ≤ ηiu

We have
∑
u 6=yi

α̃iu ≤ C

∀u 6= yi : 0 ≤ α̃iu

γ +
∑

i

∑
u 6=yi

ηiu`
∗
(
− α̃iu

ηiu

)

= γ +
∑

i

∑
u 6=yi

ηiu

(
− α̃iu

ηiu

)
= γ −

∑
i

∑
u 6=yi

α̃iu
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Dual for Hinge Loss (Folded formulation)

min
α̃,γ

γ −
∑

i

∑
u 6=yi

α̃iu

s.t. ∀k : γ ≥ 1

2
||wk(α̃)||2∑

u 6=yi

α̃iu ≤ C

∀u 6= yi : 0 ≤ α̃iu

∀v : 0 =
∑

i

(1− δyi , v)α̃iv −
∑

i

δyi ,v

∑
u 6=yi

α̃iu
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αiu =

{
−α̃iu if u 6= yi∑

v 6=yi
α̃iv if u = yi

Unfolded Formulation

min
α,γ

γ −
∑

i

αi ,yi

s.t. ∀k : γ ≥ 1

2
||wk(α)||2

α ∈ S :=

α
∀i : 0 ≤ αi ,yi

≤ C
∀i : ∀u 6= yi : αiu ≤ 0
∀i :

∑
u∈Y αiu = 0

∀u ∈ Y :
∑

i αiu = 0
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SILP formulation

max
β,θ

θ

s.t. ∀α ∈ S : θ ≤ 1

2

∑
k

βk ||wk(α)||2 −
∑

i

αi ,yi
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Both version of formulation are QCQPs.

When there’s only one single kernel, it reduces to the dual of
mSVM.

When there are only 2 classes, the formulation reduces to
Gert’s formulation of kernel selection

Unfolded formulation can be easily transformed into
semi-infinite linear programming.
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Connection to other Regularizer
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Time Complexity Comparison
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Performance
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Comments

1 Contribution: Generalize the kernel selection problem to any
kinds of convex loss functions and multiple classes.

2 If just focus on multi-class SVM, deriving from the dual
formulation is much easier.

3 Possible interesting direction: kernel selection in y space,
kernel selection for structured output.

4 Whether or not all the classes should share the same feature
space (Mentioned in the paper, but has been done by us).

5 Can we remove the weight β in the regularizer? Different
formulation and variants might need more understanding.
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